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Fluid flow and particle dispersion were investigated numerically in the wauvy vortex
regime of Taylor —Couette flow. The flow field for wavy vortex flow is stationary when
viewed in a frame rotating with the azimuthal wave velocity. These steady flow fields are
used to track fluid particles and to estimate the effective axial diffusion resulting from
chaotic fluid advection. The effective diffusion coefficient for a fixed wave state is a
function of the Reynolds number. Particle dispersion is a strong function of wave state,
showing that a universal relationship between dispersion and Reynolds number cannot
be found in this regime of cylindrical Taylor—Couette flow. The effective Schmidt num-
ber of chaotic advection is less than unity for all wavy vortex flows examined, indicating
that chaotic advection plays an important role in fluid mixing in these flow regimes.
Fluid particle retention in the cores of the wavy vortices is also predicted for some
parameter regimes, although not all. Particles trapped in vortex cores are only poorly
mixed within the core and play no role in global mixing. A preliminary examination of
inertial particle settling suggests that the fluid flow does not prevent settling in the mean,
although the magnitude of the settling velocity significantly affects the dispersion of

Mixing and Particle Dispersion in the Wavy Vortex

inertial particles.

Introduction

Cylindrical Taylor—Couette flow occurs between two con-
centric cylinders, one or both of which is allowed to rotate in
either the same or opposite directions. Cylindrical
Taylor—Couette vessels have been used both as reaction ves-
sels and to quantify the relationship between shear and ag-
gregation by coagulation or flocculation (Ives and Al Di-
bouni, 1979; Hoare et al., 1982; Stein et al., 1986; Tsai et al.,
1987; Pudjiono and Tavare, 1993; Farrow and Swift, 1996).
Pudjiono et al. (1992) describe other applications for cylindri-
cal Taylor-Couette flow, including viscometry, cooling of ro-
tating electrical machinery, dynamic filtration and classifica-
tion, electrolytic applications, and catalytic chemical reactors.
Apart from its many practical applications, it is a flow of fun-
damental fluid dynamical importance and has been exten-
sively studied since the work of Taylor (1923).

The range of different Taylor—Couette flow regimes and
their dependence on inner and outer rotation rates is com-
plex. The most complete study of flow regimes is given by
Andereck et al. (1986), in which flow types observed in their
column are classified into eighteen principal regimes. When
only the inner cylinder rotates, a critical Reynolds number,
Re, exists at which cylindrical Couette flow becomes unsta-
ble to axial perturbations. The resulting flow consists of a
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series of laminar, counterrotating toroidal vortices with az-
imuthal symmetry. This flow, usually termed Taylor vortex
flow, is a steady two-dimensional flow, and fluid elements are
constrained to lie on invariant tori within vortices. Apart from
molecular diffusion, each vortex remains disconnected from
its neighbors and because of this, the vortex cores are not
efficient mixers. When axisymmetric Taylor vortex flow is
considered as a chemical-reaction system, each vortex is of-
ten described as being a well-mixed reactor that is discon-
nected with all others in the system (Kataoka et al., 1975;
Pudjiono and Tavare 1993). Because the flow is steady and
two-dimensional, mixing within each vortex is limited by
molecular diffusion.

As the Reynolds number is increased beyond Re, a point
is reached at which Taylor vortex flow becomes unstable to
azimuthal perturbations. The resulting “wavy vortex flow,” in
which an azimuthal traveling wave propagates around the
Taylor vortices, is the subject of this article. In an analysis of
an analytic approximation to Taylor—Couette flow, Broom-
head and Ryrie (1988) showed that quite small deviations from
steady two-dimensional vortex flow could cause fluid trajecto-
ries to become chaotic, thus suggesting that fluid mixing in
this flow regime is enhanced considerably. Azimuthal pertur-
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bations with an amplitude as small as 5% of the inner cylin-
der velocity were sufficient to ensure that most regions of
their flow became well mixed. Because waviness breaks the
symmetry of Taylor vortex flow, true wavy vortex flow may be
expected to give rise to chaotic particle motion and hence far
better mixing than Taylor vortex flow.

In chemically reacting systems, chaotic flows have distinct
advantages over nonchaotic, the most important being the
relative rapidity with which reactants become well-mixed. This
point is especially important for fast reactions in which the
reaction time scale is much smaller than the diffusion time
scale and the reaction occurs only on the surface separating
the reacting components. To ensure a fast reaction, the rapid
creation of as much surface area between the reactants as
possible is essential, and chaotic mixing enhances the rate of
surface-area creation [see chap. 9 of Ottino (1989) for a dis-
cussion of these issues]. For slow reactions, residence-time
theory is often adequate, and the approach of Kataoka et al.
(1975) for axisymmetric vortex flow is an appropriate approxi-
mation.

Although there have been many studies of mixing in peri-
odic cellular flow fields (e.g., Solomon and Gollub, 1988;
Broomhead and Ryrie, 1988; Weiss and Knobloch, 1989; Cox
et al.,, 1990; Ryrie, 1992; Ashwin and King, 1997), there are
few studies that consider fully nonlinear, three-dimensional
solutions of the Navier—~Stokes equations in flow regimes far
from two-dimensionality. This study extends previous model
studies of nonaxisymmetric Taylor—Couette flows by using
such solutions of the Navier-Stokes equations. Although jus-
tified on this ground alone, it also allows an understanding to
be gained of mixing in a flow that is of practical chemical
engineering importance. Consideration of fully nonlinear
wavy vortex flows is particularly relevant because of the lim-
ited range of rotation rates that result in axisymmetric Taylor
vortex flow, and the considerably larger range that admits
wavy vortex solutions.

The overall goal of this article is to examine the effect of
waviness on particle transport in Taylor—Couette flow. To this
end, several specific aims are considered, each of which is
addressed using numerical solutions of the fluid flow and tra-
jectories of fluid elements (or inertial particles) through a
section of a cylindrical Taylor-Couette vessel of theoretically
infinite axial extent. The first aim is to investigate dispersion
(and to suggest its consequences for mixing) while varying Re,
and to see if a functional relationship between dispersion and
Re can be obtained. The second aim relates to the observa-
tion of Coles (1965) that for a given value of Re, in the wavy
vortex regime, many different wave states can exist. Thus the
effect of wave state on dispersion is considered. Finally, be-
cause cylindrical Taylor—-Couette vessels are often used in sit-
uations in which small heavy particles are formed (e.g., Tsai
et al., 1987; Farrow and Swift, 1996), a preliminary investiga-
tion of the interaction between wavy vortex flow and the set-
tling of small inertial particles is presented.

Although the effect of radius ratio, n, on dispersion is also
of considerable interest, it is not addressed here. The only
value of 7 considered is n = 0.874, which corresponds to the
cylindrical Taylor—Couette vessel used in the experimental
study of Coles (1965). Coles presents detailed results of ac-
cessible wave states and wave velocities for this radius ratio,
and this information is beneficial for numerical validation.
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Numerical Method

The numerical procedures used to quantify dispersion are
broken into two distinct parts. First, the unsteady solution of
the fluid-flow field is obtained in a stationary coordinate
frame using the conservative fluid difference method detailed
below. Second, the fluid-flow solution is used to integrate both
fluid trajectories and inertial particle trajectories forward in
time. Although the flow is unsteady in a stationary coordi-
nate frame, in the wavy vortex regime, the flow field is steady
when viewed in a coordinate frame that rotates with the an-
gular velocity of the azimuthal wave. The stationarity of the
fluid flow in this frame is essential for the efficient solution
of the particle-trajectory problem. If a fully unsteady fluid-
flow solution were to be coupled to the time integration of
particle trajectories, examination of more than a few differ-
ent cases would be prohibitively expensive with current com-
puter resources. This is the main reason that modulated wavy
vortex flow is not considered here—another reason being the
requirement that the full azimuth of the vessel must be con-
sidered if the m-fold symmetry of wavy vortex flow is broken
by a modulating azimuthal frequency with a different wave
number.

Fluid-flow solution

The Navier—Stokes equations are written in cylindrical co-
ordinates and are nondimensionalized with the velocity of the
inner cylinder (V; = , R,), the distance between inner and
outer cylinders (or gap width) d, and the kinematic viscosity
v. They are written:
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where U is the radial velocity (positive away from the center-
line); V is the azimuthal velocity (positive in an anticlockwise
sense); W is the axial velocity; and the Reynolds number is
Re = Q,R,d/v. Important to note when tracking of inertial
particles is considered is that the pressure P in Eqs. 1-3is a
dynamic pressure and does not contain a contribution from
the gravitational acceleration. Gravity can be neglected in the
fluid-only solution, as it plays no role, although it must be
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correctly incorporated in the particle equations for inertial
particles.

The equations are discretized on a uniform, staggered mesh
(Welch et al., 1965), with discrete pressures P defined at cell
centers (i, j, k) and grid velocities defined at the centers of
celt faces, U, 1,00 Vijv e and W, 0y

Time integration of the discrete equations is by an im-
proved Euler scheme that is second-order accurate in time.
Given the values of P, UL 12 16 Vili+ a/zk a0d Wi
the time-stepping algorithm is described by first considering
a first-order explicit algorithm that consists of the following
steps:

e Find intermediate values of the velocity field based on
old values of the velocity and pressure:

U*=U"+ 8t(— @(U")—-VP"+ DWU")),

where U= (U,V,W), and the symbols @ and D refer to
the advective and diffusive operators, respectively.

e Calculate the pressure correction, 8P, from the discrete
form of the following Poisson equation:

1
VP =—V-U*,
8t

e Find the (n + 1) estimates of velocity and pressure:

Urtl=y0*-8:tVv6P  P""'=P"+§P.

The second-order in time algorithm performs the preced-
ing three steps twice: the first time with a half time-step to
estimate values of U"* %2 and P"**¢Y?; the second time with
a full time-step, but with the advective, diffusive, and pres-
sure terms on the righthand side calculated using U"+¢/?
and Pr+(/2),

The advective operator @ is discretized using a third-order
in-space version of the QUICK scheme of Leonard (1979),
and the diffusive terms D are discretized using second-order
centered spatial differences. The pressure algorithm just given
is based on that first discussed by Amsden and Harlow (1970),
and the resulting Poisson equation for the pressure correc-
tion, 8P, is solved using a defect-correction multigrid tech-
nique similar to that discussed in Morton et al. (1995).

Computational parameters

The wave state existing in the vessel in the wavy vortex
regime may be categorized with a wave-number pair (m, n).
The number of periods in the azimuth is defined by m (giving
an azimuthal wavelength of 27/m rad), and the number of
pairs of vortices in the axial direction is defined by n. The
gapwidth in Coles’ (1965) experiment was 0.72 in., and the
axial extent was 20.09 in. (510.3 mm), thus the axial wave-
length is defined to be 20.09/40.72n) or 27.9/n gapwidths,

The geometry of the computational domain is shown in
Figure 1. The radial extent, d, is one gapwidth, the azimuthal
extent, ©, is 27/m rad, and the axial extent, A,, is 27.9/n
times the gapwidth. The axial boundaries are periodic, as are
the azimuthal boundaries. The inner radial boundary (at a
radius of 6.9444 gapwidths) rotates with a scaled velocity of
1.0 and the outer radial boundary is stationary. Thus the
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Figure 1. Computational domain of one gapwidth d in
the radial direction, A,=27.9/n gapwidths in
the axial direction, and 2#/m rad in the az-
imuthal direction.

Boundary conditions are periodic in both 6 and z.

computational domain represents just one oscillation of the
wavy vortex flow in the axial and azimuthal directions. This
geometry therefore restricts the possible solutions to those
cases in which these two periodicities are strictly
realizable—that is, to the wavy vortex flow regime.

The fluid-flow solution is integrated forward in time until a
state is reached in which the period, 7, of the azimuthal wave
is constant. The period is defined to be the time taken for
the wave to travel an angular distance of 2m/m rad, and the
frame in which the flow appears stationary is one that rotates
with a constant angular velocity of = 2m/mT.

Fluid-particle trajectories

In the frame of the azimuthal wave, fluid-particle trajecto-
ries are calculated from the following equations:

ar, _
a7
de, v,
i
t rp
dz
—dtﬁ =W, (5)

where the subscript p refers to a fluid particle and f refers
to the fluid velocity at this location. The systems of equations
are integrated forward in time using a fourth-order Runge-
Kutta method (RK4). Velocities are required at particle posi-
tions and are obtained from the fluid velocity field using
quadratic interpolation.

Numerical Validation

To estimate the resolution required for a converged solu-
tion, the fluid-flow solution for Re, = 648, (m,n) =(6,12) was
calculated at grid resolutions of 12:X24X24, 16 xX32X32, 24
X 48 X 48, and 32X 64 X 64. The period of the azimuthal wave
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Table 1. Nondimensional Period of Traveling Waves for
Different Grid Resolutions

1224 x 24 16 X32x32 24X 48 x 48 32X 64X64

21.2864 21.0721 21.0170 21.0175

was determined for each mesh, and the results are shown in
Table 1. Quite clearly the difference in period between reso-
lutions of 24 xX48x 48 and 32 X 64X 64 is minimal, being of
the order of 0.002% of one period. Thus solutions at 32X 64
X 64 are considered sufficiently well resolved, and this is the
resolution used for all simulations discussed below.

To check that the converged solutions agree with experi-
ment, the wave speeds for all simulations are compared to
the experimental results of Coles (1965). The results are
shown in Figure 2, and demonstrate that the flow simulations
quantitatively predict this aspect of the experiments and are
strong evidence to suggest that the flow solutions are correct.
One simulation was also performed to compare to detailed
results presented in table 4 of King et al. (1984). For n =
0.868, A, =22, Re; =687.15 (597Re.), and m =6, a period
of 20.378 +2x 1077 is predicted here. Values given by King
et al. for this flow are 20.434+6x 10" predicted numeri-
cally and 20.44+1.2X107? measured experimentally. The
prediction here disagrees with the numerical result of King et
al. by less than 0.3%. This small discrepancy is most likely a
result of the difference in numerical methods, with that in
King et al. being the highly accurate spectral method of Mar-
cus (1984).

The integration of fluid-particle trajectories was compared
to results by Broomhead and Ryrie (1988). The results (shown
in Figure 3) are in excellent agreement and indicate that: (1)
the RK4 integration scheme used here is correctly imple-
mented; and (2) discretization of the analytic velocity field
introduces no significant error in the final solutions, and
therefore the numerical discretization of true wavy vortex flow
is unlikely to be a source of significant error.

The results of Coles {1965) suggest that in an inner rotat-
ing Taylor-Couette vessel with n = 0.874, the doubly peri-
odic wavy regime persists until a Reynolds number of approx-
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Figure 2. Dimensionless wave velocity of the azimuthal
wave for Coles’ (1965) experiments (-) and our
numerical simulations ().

The numerical results for one Re; depend on the wave state
(m, n), although they fall fairly closely on top of each other.
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Figure 3. Poincaré sections for the velocity field of
Broomhead and Ryrie (1988).

On the left is the map obtained here, and on the right is a
representation of that presented in Figure 6b of Broomhead
and Ryric. Courtesy of British Defense Evaluation and Re-
search Agency.

imately 1,300. A range of Reynolds numbers from 162 to 1,296
was initially considered here, although for Reynolds numbets
greater than 756 (972 and 1,296 were examined closely), flow
solutions with a single azimuthal frequency could not be at-
tained numerically. For both Re =972 and 1,296, a low-
frequency component was observed in the velocity spectra.
Coles did not measure velocity spectra in his experiments,
and the presence of additional, less energetic, azimuthal
waves cannot be ruled out. Coles also comments on the pres-
ence of subharmonic axial disturbances being consistently ob-
served in one case at Re = 800. In the experimental study of
Fenstermacher et al. (1979) a transient low-frequency compo-
nent (labeled there as w,) was sometimes observed for
Reynolds numbers in the range 950-1,430, especially after
rapid starts from rest. When this component existed, it was
always observed to decay, although the time scale for decay
ranged from a few seconds to a few hours. It is possible that
the inability to numerically obtain single-wave solutions here
for Re =972 and 1,296 may be a manifestation of the same
phenomena, and that if the simulations were run for a suffi-
cient (although impractically long) time, this low-frequency
signal would similarly disappear. The inability to obtain sin-
gle frequencies for Re = 972 and 1296 is not believed to indi-
cate any inadequacies in the numerical method, although it
does retrict the range of Reynolds numbers considered here
to 162-756.

Results: Fluid-Particle Trajectories

In axisymmetric Taylor vortex flow, fluid particles are con-
strained to lie on the surface of the torus on which they start.
This is not the case for wavy vortex flow, where fluid particles
can be transported in the axial direction. This is clearly
demonstrated in Figures 4 and 5, which are Poincaré sections
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Figure 4. Poincaré maps for two of the wavy vortex
flows.

Each has a wave state of (6,12): (a) Re =162, and (b) Re =
324. The initial condition was 20 equally spaced points on a
vertical line equidistant between the inner and outer cylin-
ders.

of wavy vortex flow in a coordinate frame corotating with the
azimuthal wave. The initial condition is 20 equally spaced
particles on a vertical line that is equidistant from the inner
and outer cylinders. The axial periodicity of the flow is used
to wrap particle trajectories that exit either of the axial
boundaries back into the domain. Sections for three Reynolds
numbers (162, 324, and 648) are shown for a wave state of
(6,12). The figures clearly show that transport is chaotic in all
three cases. For Re =162 and 324 (Figure 4), the trajectories
show no obvious signs of KAM invariant surfaces and the
entire flow appears to be chaotic. On the other hand, for
Re =648 (Figure 3) the presence of invariant surfaces is
clearly seen. These two sections are for the same initial con-
ditions plotted on two r—z planes half an azimuthal wave-
length apart and indicate how the invariant surfaces change
in size as they meander around the azimuth. Particles inside
these regions (termed “vortex cores” here) remain trapped
and do not communicate with the exterior chaotic flow. This
feature of the flow is discussed in more detail later.

Axial dispersion

Following Broomhead and Ryrie (1988), a measure of mix-
ing in wavy vortex flow is defined using an effective particle-
diffusion coefficient that is estimated on the basis of particle
paths. Because particles are constrained to lie between the
inner and outer radii of the vessel, and because they will be
advected by a mean flow in the azimuthal direction, an axial
(z) diffusion coefficient is appropriate. It is defined to be
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Figure 5. Poincaré sections for wavy vortex flows with
a wave state of (a) (6,12) and (b) Re =648 on
r-z planes spaced half an azimuthal wave-
length apart.

(2(0)= 2.7
D, = lim D,(r) = lim M, 6)

[ —>x [ —x 2t

where z;; is a particle’s initial position and {---) represents
the mean value of the quantity inside the angled brackets. To
ensure meaningful results, a large number of particles must
be used. For all simulations discussed below, 10,000 particles
are randomly distributed throughout the computational do-
main and their trajectories are calculated in order to esti-
mate diffusion coefficients. In most cases, particle simula-
tions were integrated for a dimensionless time of 2000 (or
approximately 46 full rotations of the inner cylinder).

In the flows considered here, if a diffusion coefficient de-
fined by Eq. 6 reaches a finite and nonzero asymptotic value,
then the axial transport of fluid elements may be modeled as
a diffusion process. Making a connection between D, and
mixing is difficult because large values of D, do not necessar-
ily imply good mixing. However, the nature of wavy vortex
flow is such that it gives rise to rapid and thorough mixing,
and D, is therefore likely to be a quantitative indicator of the
mixing effected by the flow.

In axisymmetric Taylor vortex flow, fluid particles that start
inside one vortex can never escape that vortex, thus there is
no global mixing of fluid by chaotic advection. In that case,
D,=0. A plot of D,(¢) for axisymmetric vortex flow at a
Reynolds number of 140 is shown in Figure 6. (The transition
to wavy vortex flow occurs at a Reynolds number Rey = 143
for Coles’s apparatus.) The initial steady increase in D,(t)
results from the early-time axial motion within each vortex.
However, the axial displacements are limited by the size of
the vortex, and a steady decay of D,(¢) toward zero eventu-
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Figure 6. D,(t) for axisymmetric vortex flow at a
Reynolds number of 140, showing the asymp-
totic behavior for large time.

ally results. The results were generated using the particle
tracking method detailed earlier with a strictly axisymmetric
vortex flow solution. This figure is evidence that particles are
not being “diffused” by the numerical method and further
indicates the validity of the particle advection technique.

Because the equations have been scaled by the inner cylin-
der velocity and the gapwidth, d, all times and positions ob-
tained from the simulations are nondimensional times and
positions. Hence in the subsequent discussion, D,(¢) is de-
fined as in Eq. 6 and is a dimensionless function of the (di-
mensionless) simulation time ¢. Thus D, is the asymptotic
dimensionless axial diffusion coefficient. A dimensional dif-
fusion coefficient, ®,, is obtained by

D, = UdD, = vReD,.

Axial dispersion as a function of Re

In previous studies of Taylor—Couette flow, relationships
between axial dispersion and Reynolds number have been
proposed. For turbulent vortex flow, Tam and Swinney (1987)
find that D, scales like Ref, where B depends primarily on
the ratio of inner to outer radius, 5. In their study B8 ranged
approximately between 0.7 and 0.85 for radius ratios ranging
between 0.494 and 0.875. In contrast, Moore and Cooney
(1995) suggest that for a wide range of n and flow regimes,

Figure 7. Dimensionless D,(t) for various Reynolds
numbers for a wave state of (m, n)=(6,12).
To dimensionalize D,(¢), multiply by »Re.

including wavy vortex flow, D, scales like Re}®. In a numeri-
cal study of modulated wavy vortex flow, Rudman (1995)
found that D, appeared to scale like Re; for the narrow gap
device (1 = 0.952) considered there.

The Reynolds numbers considered here are 162, 182, 202,
243, 324, 408, 486, 527, 567, 608, 648, 702, and 756 for a wave
state of (m, n)=(6,12). This wave state was accessible for all
Reynolds numbers reported in Coles’ experiments and was
numerically found here to result in a well-defined period of
oscillation for all Re considered.

The dimensionless D(¢) derived directly from particle
paths are plotted in Figure 7 for a selection of Re. The figure
shows the early time increase in D.(¢) as the fluid elements
move away from their initial positions. The early increase is
followed by a leveling off as ¢ becomes large and D,(t)
asymptotes to a constant value. Nondimensional values of D,
are given in Table 2. As seen there (as well as in Figure 7),
D, is not a monotonic function of Re.

These resuits may be conveniently displayed by defining an
effective Schmidt number (Sc¢) resulting from chaotic trans-
port:

Scesp = v/ D, D

=(ReD,)"". 8

Table 2. Nondimensionalized D,, Nondimensionalized rms Velocity Fluctuations and Sc ., as a Function of Reynolds Number
for a Wave State (m, n) = (6,12)*

Re Re/Re Dz x 100 SCest (U’yx 100 (V') =100 (W) %100 Core %
162 1.37 0.74 0.846 0.91 4.58 2.39 0.3
182 1.54 1.30 0.423 142 6.89 3.83 0.0
202 1.71 1.37 0.361 1.69 7.77 4.57 0.0
243 2.05 1.44 0.284 2.03 8.34 5.40 0.0
324 2.74 1.60 0.193 2.39 8.17 6.02 0.0
405 3.42 1.51 0.164 2.56 7.66 595 0.0
486 4.10 1.33 0.154 2.50 7.05 5.47 2.0
527 4.45 1.22 0.156 2.43 6.79 5.19 5.2
567 479 1.16 0.152 2.36 6.57 4.93 7.7
608 5.14 1.06 0.152 2.29 6.37 4.68 9.7
648 547 1.02 0.151 2.22 6.21 4.46 11.5
702 5.93 0.92 0.155 2.14 6.01 4.19 13.3
756 6.39 0.84 0.155 2.07 5.84 3.95 15.6

*The dimensional values of both D, and the rms velocity components scale linearly with Re.
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Figure 8. Sc. as a function of Reynolds number.
Results for a wave state of (m,n)=(6,12).

The effective Schmidt number is plotted in Figure 8 as a
function of Reynolds number, and values are also given in
Table 2. If a simple power-law scaling between D, and Re
existed for the results here, the Schmidt number could be
written

—-A
Sces X Re™ .

The relationship between Sc g and Re is not that of a sim-
ple power law, however, and such a parameterization is not
possible in wavy vortex flow, even for a fixed wave state.

However, the results do suggest that as Re increases, Sc.q
approaches a constant value of approximately 0.155. This in-
dicates that provided a fixed wave state can be maintained,
axial dispersion in the wavy vortex regime plateaus and that
rotation beyond a certain limit does not lead to faster axial
dispersion. It must be remembered that as the rotation is in-
creased, the wave state is unlikely to be maintained and the
wavy flow will eventually be modulated with additional fre-
quencies that may influence dispersion significantly.

In their study of time-dependent Rayleigh—Bénard convec-
tion, Solomon and Gollub (1988) show that the effective dif-
fusion coefficient in their experiment, D,, is linearly depen-
dent on the rms velocity component normal to the diffusion
direction (that is, U X W’ here). Equivalently, this states that
(the nondimensional) D, is a linear function of the nondi-
mensional rms velocity fluctuations. Root-mean-square veloc-
ity fluctuations nondimensionalized with the rotational veloc-
ity of the inner cylinder have also been calculated for the
flows here (see Table 2), with the mean flow taken to be the
azimuthally averaged wavy vortex flow. The nondimensional
D, are plotted as a function of the nondimensionalized rms
velocity components in Figure 9.
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Figure 9. Nondimensional D, as a function of nondi-
mensionalized rms velocity fluctuations.
Results for a wave state of (m,n)=(6,12).

In this figure, the Reynolds number is marked against se-
lected points for U’. As Re increases from 162, D, and the
nondimensional rms velocity fluctuation monotonically in-
crease up to about Re = 324. As Re is increased further, the
nondimensional rms velocity fluctuation monotonically de-
creases, as does D,. A similar pattern is followed by both V'
and W'. The relationship between U’ and D, and that be-
tween W' and D, have a different form for Re less than and
greater than approximately 324. Thus D, is a multivalued
function of U’ or W', and attempting to fit a power-law rela-
tionship, as Solomon and Gollub were able to for W' in their
study of Rayleigh—Bénard convection, is not possible here.

Despite the nonmonotonic relationship between D, and
Re, a least-squares fit of the data yields a reasonable power-
law fit between D, and V', which is given by

D,=0.42(V")"", (9)

This fit is applicable to the wave state (m, n)=(6,12) only.

Effect of wave state

A number of different wave states were examined for sev-
eral Reynolds numbers—numerically, the largest range of ac-
cessible states was found for Re = 648 and this case features
most prominently. The results are considered in two groups:
(1) n fixed with m varying; and (2) m fixed with n varying.

Cases with n= 12, m Varying. The effect of varying the
azimuthal wave number is shown in Table 3. The results from
this rather small sample of data points suggest that for a given
Reynolds number, lower azimuthal wave numbers give rise to
more rapid axial dispersion. They also correspond to flows

Table 3. Nondimensional D,, Nondimensional rms Velocity Fluctuations and Sc.; as a Function of Azimuthal Wave Number

for n =12

Re m D, X100 SCogt Uy x 100 (V'yx100 (W% 100 Core %
162 S 1.12 0.519 1.34 6.66 3.04 2.1

6 0.74 0.846 0.91 4.58 2.39 0.3

5 1.15 0.136 297 7.43 5.56 4.8
648 6 1.02 0.152 2.22 6.21 4.46 11.5

7 0.88 0.176 1.69 512 3.60 16.1
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Table 4. D,, rms Velocity Fluctuations and Sc.q; as a Function of Axial Wave Number for m = 6*

Re n A, D, X100 SCois Uy x 100 (VY X 100 (W x 100 Core %
12 2325 0.74 0.846 091 458 239 03
162 14 1.993 0.68 0.905 1.14 5.23 2.53 1.0
16 1.744 0.33 1.851 1.09 457 2.06 14
10 2.79 1.86 0.166 2.04 7.84 6.13 0.0
324 11 2536 1.69 0.182 222 8.05 6.11 0.0
12 2325 1.60 0.193 239 8.17 6.02 0.0
10 2.79 1.24 0.116 181 5.95 4.48 116
1 2536 112 0.138 2.00 6.10 4.46 114
648 12 2325 1.02 0.152 222 6.21 4.46 115
13 2.146 091 0.170 247 6.31 449 115
14 1.993 0.86 0.180 275 6.42 457 10.4
15 1.86 0.83 0.186 3.07 6.59 477 9.4

*The axial wavelength (A,) is shown in units of the gapwidth d.

with higher rms velocity components, in agreement with the
results found for varying Re. Because of the small sample of
points available for a fixed Re and #, it is not possible to
postulate a relationship between D, and rms velocity fluctua-
tions.

Cases with m = 6, n Varying. The effect of varying the ax-
ial wave number is shown in Table 4, and results for Re = 324
and 648 arc plotted in Figure 10. For Re =162 the results
follow no obvious trend, but for Re =324 and 648 two obser-
vations are made. First, for fixed Re, decreasing n (i.e., longer
axial wavelengths) is associated with increasing D,. This is
not unexpected because for larger axial wavelengths fluid is
transported further in each “vortex” and may be expected to
be transported more rapidly. The second observation is that
increasing D, is also associated with decreasing rms velocity
fluctuations. This is in contrast to previous results (e.g., the
empirical relationship described in Eq. 9) where increasing
D, was associated with increasing rms velocity fluctuations.
An explanation of this observation is suggested in the study
of Tam and Swinney (1987), who found that D, is linearly
proportional to the axial wavelength A, for turbulent
Taylor—Couette flow. They also quote the result due to Zel-
dovich (1982), who found theoretically

Do AV,

rms

(10)

in periodic turbulent flows. Provided W' is used for V. and

ms

A, for A, Eq. 10 fits the data for Re =324 and 648 quite
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Figure 10. Dimensionless D, as a function of Win
(e: Re=324; ao: Re=648).
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well. The results for either Re have a scatter of less than
3%, although the constant of proportionality slightly differs
for each Re. However, because of the small range of data
points, and the uncertainty in applicability of Eq. 10 to the
laminar chaotic flows here, a definitive parameterization is
still tacking.

Summary of the Effect of Wave State.  For the small range
of wave states considered here, the effective Schmidt number
of wavy vortex flow at Re = 648 was seen to vary by a factor
of approximately 1.6. At least 20 different wave states are
accessible at this Reynolds number, and 1.6 is likely to be a
conservative estimate of the range of Sc.g. As a result of this
significant variability, the task of finding a functional rela-
tionship between Sc. (or D,) and Re cannot be attempted
without also considering wave state. Although modulating
frequencies will quantitatively alter the picture of dispersion
and mixing presented earlier, it may be reasonably expected
that qualitatively similar behavior will occur in the modulated
wavy vortex regime, up until the flow becomes turbulent.

The lack of a clear and consistent relationship between D,
and rms velocity fluctuations for ail Reynolds numbers means
that predictions of dispersion and /or mixing based on mea-
surable velocity information must await alternative parame-
terizations. There is a reasonable correlation between D, and
the axial wavelength of the flow as observed by Tam and
Swinney (1987) for turbulent flow. A correlation between D,
and azimuthal wavelength cannot be confidently proposed
because of the limited number of sample points in m that
could be found numerically.

Fluid entrainment

When the symmetry of Taylor vortex flow is broken with a
small perturbation, KAM theory predicts that most of the tori
on which particle trajectories lie will survive, with those clos-
est to the hyperbolic points on the inner and outer cylinders
being the first to become chaotic [see sections 6.10 and 6.11
of Ottino (1989) for a descriptive discussion of this phe-
nomenon)]. As the perturbation magnitude increases, more of
the tori are destroyed, although other features such as is-
lands and cantori may appear (see, for example, the Poincaré
sections in Figure 3). Chaotic particle paths in a nonaxisym-
metric Taylor-Couette flow model are predicted in the re-
sults of Broomhead and Ryrie (1988), and more recently in
the results of Ashwin and King (1997). Ashwin and King cal-
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culate particle paths in nonaxisymmetric Taylor~Couette flow
using weakly nonlinear asymptotic solutions to the
Navier—-Stokes equations. Their solutions predict that just af-
ter the onset of waviness, most of the axisymmetric tori of
Taylor vortex flow survive in a perturbed form and that those
tori closest to the cylinder walls become chaotic.

However, what happens to particle trajectories in a fully
nonlinear solution of wavy vortex flow far from the transition
from two-dimensional axisymmetric Taylor vortex flow has not
been reported. Because of limitations in the numerical
scheme used here, it has not been possible to examine flow
solutions close to the transition (Rey =143). The lowest
Reynolds number examined is Re = 162, or 1.13Rey,, thus an
important and interesting part of the parameter space cannot
be studied here, and results cannot be compared directly to
those of Ashwin and King.

For 162 < Re < 405 in the wavy vortex regime, no observ-
able tori exist and the entire flow appears to be chaotic (see
Figure 4). As Re increases above 405, integrable particle tra-
jectories begin to appear, and as Re increases from 486 to
756, the flow volume contained in integrable tori increases.
These “wavy vortex cores” are clearly seen in the Poincaré
sections displayed in Figure 5. (Note that the position and
apparent size of the cores vary with azimuthal position.) In
agreement with the results of Ashwin and King (1997), no
observable island chains were found in the particle trajecto-
ries of wavy vortex flow—where regions of integrable trajec-
tories were found, they appeared to be separated from each
other by regions of totally chaotic behavior.

An estimate of the volumetric fraction of the flow that these
vortex cores contain was obtained from the particle trajecto-
ries and is given by the fraction of the particles that always
maintained an axial coordinate within A, of their initial posi-
tion and a radial coordinate that was at least 0.05d distant
from both cylinders throughout the simulation. Because the
axial displacement amplitude of the wavy vortex motion is
less than A,/4 in all cases, this measure is sufficient to ensure
that particles retained in the core cannot leave numerically,
although it is possible that particles that leave the core do
not stray far from their initial vortex during the simulation.
Thus this retention measure may indicate artificially high re-
tention fractions. The constraint on the radial coordinate was
introduced because it was also observed that some particles
stayed for considerable lengths of time in stagnation regions
near one of the cylinders, thus artificially inflating estimates
of vortex core size. To check the reliability of these estimates,
several calculations were run for twice as long and the pre-
dicted retention fractions were observed to vary only minutely.
The statistical variation in the retention results was estimated
by running the same simulation several times with different
initial particie positions. The retention percentages are esti-
mated to be accurate to +0.5%.

The percentages of particles retained in vortex cores as a
function of Re for (m,n)=(6,12) are shown in the final col-
umn of Table 2, and for various wave states in Tables 3 and
4. For the wave state (6,12), retention drops from 100% at
just before the onset of waviness (Re = 143) to less than 1%
at Re =162. Thus at the lowest Reynolds number considered
here, most of the flow appears to be chaotic. Zero retention
occurs for Re up to approximately 405, which approximately
coincides with the maximum nondimensional diffusion coeffi-
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cient D,. As Re increases from 405, the retention increases
monotonically as D, decreases, and integrable particle paths
begin to appear in the Poincaré sections. The absence of flow
solutions in the range 143 < Re < 162 leaves a gap in the be-
havior of particle trajectories between axisymmetric flow and
fully chaotic flow that awaits further investigation.

A modified diffusion coefficient DY can be defined that is
based only on those particles that participate in the global
mixing:

DM 100

= = T00-p >

z

where P is the percentage of retained particles. However,
taking particle retention into account does little to improve
attempts to fit power-law relationships between diffusion co-
efficients and Re. It does, however, explain at least part of
the apparent trend toward a limiting value of Sc., as Re
increases.

For Re = 648 and m = 6, the retention is fairly uniform at
11% and cannot be an explanation for the way in which D,
varies with n. For Re = 648 and n =12, retention is a strong
function of m and goes part of the way in explaining the
variation of diffusion with m.

Inertial Particle Trajectories

One final study of a preliminary nature is presented here.
It arises from the use of Taylor—Couette vessels in studying
flocculation reactions (Farrow and Swift, 1996). Because the
product of the flocculation reaction is an inertial particle, its
subsequent motion after formation is important in attempt-
ing to assess the flow conditions to which it has been ex-
posed.

In steady two-dimensional cellular flows, the ability of small
inertial particles to settle globally is primarily related to the
ratio of convective fluid velocity in the direction of gravity
and the nominal particle settling velocity (e.g., Marsh and
Maxey, 1985). When the particle settling velocity is higher
than the maximum convection velocity, all particles are able
to settle. As the ratio of velocities decreases, increasing pro-
portions of particles are entrained inside cell cores—the en-
trainment regions are termed ‘“retention zones.” In axisym-
metric Taylor-Couette flow, the picture is more complicated
because particles experience a varying centrifugal accelera-
tion in addition to gravitational settling; however, similar par-
ticle retention is predicted (Rudman et al., 1994). In wavy
vortex flow there is global communication of fluid between
vortices, and an expectation of particle entrainment inside
vortices cannot be justified a priori (see Rudman, 1995). The
influence of waviness on inertial particle motion is difficult to
estimate, and the aim of this section is to investigate particle
dispersion and settling in wavy vortex flow as a function of
settling velocity.

Equations of motion

The equations for inertial particles are more complex than
Eq. 5, especially if all possible particle forces are to be in-
cluded (see Maxey and Riley, 1983). Instead of solving the
full inertial particle equations here, the particles are assumed
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to be sufficiently small that their trajectories are governed by
a balance between viscous drag, gravitational force, and fluid
stress forces (which include centrifugal, dynamic pressure
gradient, and fluid viscous stress forces). In this case, instead
of using fluid velocities in the righthand side of Eq. 5, a sup-
plementary set of equations for the particle velocities are
solved. The equations are those of Maxey and Riley except
that added mass, Basset history, and all terms that are sec-
ond-order in the particle radius are neglected. Justification
for neglecting added mass and history terms is discussed be-
low. Scaling the particle equations with the same scale fac-
tors used to nondimensionalize the Navier—Stokes equations
allows the inertial particle transport equations to be written
in a frame rotating with angular velocity £}, as

dr do, V dz
P P p P
—— = —_ — =W, 11
dt ? t dt 4 an
and
au, sz 5 1
7=‘;]:‘+2QTV;7+QTVP+—E -VPf+—V Uf i
(B-1)
+ (U, - U
SFrZ (f P)
dav, -
P r'p 2
— = 20U, +—= || ~-VP +—=—VU, |0
t » U B[( I7 Re f)
(B-1)
+ 8Fr2 (V}_I/P)
d 1 1 (B-1
—f = —VP+——V2U) W, - W,
dt B( TR ), srz W)
(B-1)
+ 7 gl. (12)

1
The r-, 6-, and z-components of (-~ VP, + % V"Uf) are equal
e

to the righthand sides of Eqs. 1, 2, and 3, respectively. The
ratio of particle density to fluid density is 8 = p,/p; and the
Froude number is Fr = U//qd .

It is convenient to introduce 8 = /U, which is the ratio
of the nominal particle settling velocity, Vs, to the velocity of
the inner cylinder U. The nominal particle settling velocity,
Vs, is defined to be the Stokes’ settling velocity of a single
isolated particle in the absence of any liquid flow and de-
pends on the fluid density and viscosity as well as the particle
density and radius. For the scaling used here it can be shown
that

B2 2a’Re
" T Togs

(13)

where « is the ratio of particle radius a to gapwidth d. Rather
than define a Froude number here, o, 8, and the velocity
ratio 8 are specified, and the Froude number of the simula-
tion is found from Eq. 13. For all simulations discussed be-
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low, values of a = 0.005 and B = 2.0 are used. Keeping both
a and B constant and changing 8 corresponds physically to
changing the viscosity of the liquid and the rotation rate of
the inner cylinder in such a way as to maintain the same
Reynolds number. Although this makes little sense from an
experimental point of view, unreported results suggest that
inertial particle settling is only weakly dependent on o and 8
and is primarily dependent on 8. It is this dependence that is
investigated here.

The values of o and B used here were chosen as being
representative of small mineral particles suspended in a range
of fluids typically found in minerals processing applications,
in a laboratory-scale Taylor—Couette vessel. From the discus-
sion given in Maxey and Riley (1983) and Liang and
Michaelides (1992), a value of a =0.005 gives the ratio of
added mass to drag forces as approximately 0.7% and the
ratio of history to drag forces as approximately 7%. Neglect
of the added mass terms is clearly justified although neglect
of the history terms is somewhat more marginal—they are
neglected here for ease of computation.

An RK4 time integration is used to integrate Egs. 11 and
12 forward in time, with quadratic interpolation from the
mesh to particle positions. The pressure and fluid viscous
stress terms in Eqs. 12 are first differenced on the fluid solu-
tion mesh (to cell edge velocity nodes) before interpolation to
particle positions.

No good validation cases are available for inertial particle
trajectories. Apart from simple tests such as ensuring axial
and centrifugal settling velocities were correct for different
particle sizes and densities, extensive testing was not under-
taken.

Results

Inertial particle trajectories have been calculated for a wave
state of (6,12) and a Reynolds number of 648. Six velocity
ratios were considered, 8§ = 0.001, 0.0035, 0.01, 0.025, 0.05,
and 0.1. A value of 8 = 0.1 corresponds to a settling velocity
that is approximately equal to the maximum axial velocity of
the vortex flow. In the case of an axisymmetric vortex flow,
almost complete settling of the particles could therefore be
expected for § = 0.1 (Rudman et al., 1994).

Each simulation was run with 5,000 randomly distributed
inertial particles for a dimensionless time of 2,000. Writing
the mean axial coordinate as a function of time as

1 N
(Z() == L z(),

=1

the mean settling velocity as a function of time is

W)= 7 (D=2,

and an effective diffusion coefficient for inertial particles can
be defined relative to the mean axial position

, (2D = zg = WY
D, = lim D,(t)= lim

= x > 2t
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Figure 11. (a) (W(t)) vs. t; and (b) D,(t) vs. t for iner-
tial settling particles.

Figure 11 shows (W(t)) and D,t) as functions of time.
Mean settling velocities are calculated by estimating the aver-
age settling over the time interval from ¢ = 1,000 to 2,000 and
are presented in Table 5. Note that {(W(¢)) is fairly uniform
over this time (Figure 11a) for all values of §. The result is
that on average, small inertial particles in wavy vortex flow
settle with a velocity very close to their nominal settling ve-
locity. Although this result is consistent with those found in a
preliminary study of modulated wavy vortex flow (Rudman,
1995), it is interesting that centrifugal and other fluid forces
arising in vortex flow do not significantly alter mean particle
settling.

The effective diffusion of inertial particles is quite similar
to fluid particles for low values of 8 (approximately 8 < 0.01).
Values of 1.08 and 1.15%x 1072 are predicted for $ = 0.001
and 0.0035 as compared to 1.02 X 1072 for fluid particles. This
result suggests that to a good approximation the ensemble

Table 5. Time-Averaged (W(¢)) for Inertial Settling Parti-
cles as a Function of 8 (m =6, n =12, Re = 648)

8 0.001 0.0035 0.01 0.025 0.05 0.1

(W) 0.001 0.00365 0.01068 0.02574 0.05229 0.09088
D, x100 108 115 — — — -
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axial motion of small inertial particles can be written as an
advection diffusion equation. Writing the local axial particle
number density as N(z,¢), N satisties

aN IN 9*N
—+{W)—=D,—,
ot 0z 0z

where D, is the effective fluid diffusion coefficient (Eq. 6).

However D,(¢) does not asymptote to a constant value for
8 > 0.01 and increases as t?, where the value of y is depen-
dent on 8. This type of behavior is often termed “anomalous
diffusion” and has been reported previously in flows with net
flux (e.g., Weiss and Knobloch, 1989; Cox et al., 1990). Al-
though the reasons for greater dispersion (at the same time
as the mean settling velocity remaining unaffected) are not
clear, it is believed that the net consequence of the increas-
ing effects of centrifugal forces is to preferentially move iner-
tial particles into regions of strong up- and downwelling near
vortex edges. Although the overall effect of the particles’ in-
ertia does not influence mean settling; it has a large impact
on dispersion. Important to note in relation to the predicted
anomalous diffusion is that the inertial particle velocity field
is not divergence-free (and hence not volume preserving), and
this behavior is not necessarily surprising.

In summary, faster settling particles disperse more rapidly
than the fluid, and their ensemble behavior cannot be mod-
eled using a one-dimensional advection—diffusion equation.
Although D,(¢) varies significantly with 8, the mean settling
velocity remains very close to the nominal settling velocity.
These results have implications for residence time distribu-
tions of settling particles in wavy vortex flow. They are of a
preliminary nature and will be the subject of a more exten-
sive future investigation.

Conclusions

Validated numerical models of wavy vortex flow in a Tay-
lor—Couette vessel and of particle motion in this flow have
been presented. The results show that chaotic advection of
fluid elements occurs in wavy vortex flow from after the onset
of waviness up to the onset of wave modulation. This chaotic
fluid motion plays an important role in mixing in these flows,
and a measure of mixing can be defined by an axial diffusion
coefficient based on axial particle dispersion. For a fixed wave
state, the scaled effective diffusion coefficient is not a mono-
tonically increasing function of the Reynolds number, al-
though the true (dimensional) coefficient does monotonically
increase for the range of Re investigated. However, it does
not increase as any power of Re, as found in the studies of
Moore and Cooney (1995) for a wide range of Re, and by
Tam and Swinney (1987) for turbulent vortex flow. This sug-
gests that throughflow and/or the nonaxisymmetric outflow
in the vessel used by Moore and Cooney have an appreciable
effect on chaotic fluid motion in Taylor—Couette flow. The
turbulent flow considered by Tam and Swinney is qualita-
tively different to wavy vortex flow and is almost certainly the
cause of the difference in the Reynolds number dependency
of the two flow regimes. An effective Schmidt number of the
chaotic fluid motion can be defined which, for a wave state of
(6,12), asymptotes to a value of approximately 0.155 for the
highest Reynolds numbers studied here. This states that
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chaotic advection of fluid elements is an order of magnitude
more important for mixing in wavy vortex flow than molecu-
lar viscosity.

Not surprisingly, the predicted mixing for a fixed Reynolds
number is dependent on the wave state existing in the vessel.
Coles (1965) found a large range of accessible wave states
{more than 20 for some Reynolds numbers) with transition
between states showing considerable hysteresis. For the lim-
ited ranges of wave states considered here, Sc . varied by a
factor of 1.6, with states with smaller axial wave numbers (i.e.,
large axial wavelengths) having a higher effective diffusion.
The effective diffusion is also dependent on the azimuthal
wave number. There does not appear to be a good relation-
ship between axial diffusion and rms velocity fluctuations
across all Reynolds numbers, and a better way of empirically
correlating D, is desirable.

For the higher values of Re considered here, fluid ele-
ments were entrained inside vortex cores. The core regions
are disconnected from the chaotic flow outside, thus there is
an unbroken stream surface separating the inner vortex flow
from the exterior flow. Fluid starting inside a vortex core
communicates with the exterior flow only by molecular diffu-
sion and does not contribute to the effective diffusion due to
chaotic advection. The volume of the core regions decreases
from 100% just before the onset of waviness to almost zero
by Re =162 (the lowest Re studied here). For Re > 403, the
percentage of entrained fluid increases again with Re. Al-
though this pattern is consistent with the predicted increase,
and then decrease in dimensionless D,, it cannot fully ex-
plain the trend.

An exploratory investigation of the effect wavy vortex flow
has on inertial particle settiing suggested that the mean set-
tling is not significantly affected by the vortex flow. However,
axial dispersion is significantly affected once a particle’s nom-
inal settling velocity increases beyond approximately 1% of
the rotational velocity of the inner cylinder—which corre-
sponds to about 10% of the axial velocity due to the vortices.
The ensemble motion of slower settling particles is well ap-
proximated by a one-dimensional advection—diffusion equa-
tion, although faster settling particles cannot be described in
this manner. These results have implications for particle resi-
dence times in Taylor—-Couette reactors, but a more com-
plete study is required before definitive statements can be
made.
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